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Data from two experiments on the development of Reynolds stress tensor components after a sudden ap-
plication of transverse strain are compared with computations based on four turbulence models: a first-order
mixing length model, a second-order two-equation eddy viscosity model, and two second-order Reynolds stress
models. The second-order models do not produce dramatic improvements over the simple model. The Reynolds
stress models still need development to represent the physics of shear-strained turbulence. The assumption of a

scalar eddy viscosity is shown to be quite reasonable.

Nomenclature

a =dissipation rate modeling coefficient, Eq.
(36)

A =van Driest damping length

b =dissipation rate modeling coefficient, Eq.
(36)

Cy, =axial skin-friction coefficient, Cj =
Ty / VopUi]

Cy =transverse skin-friction coefficient, Cp = —
Twe ! V2pU, W

C,,C,,C;,C, =modeling coefficients, Eq. (36)

D =diameter of cylinder

e =specific kinetic energy of turbulence, Eq.
(23)

J =magnitude of the mean rate of strain in a
spinning boundary layer

¢ =length scale, Eq. (27)

2 =mixing length in the inner portion of a
boundary layer

D = static pressure

q = velocity scale, g =~2e

r = distance from axis of cylinder in cylindrical
coordinate system

r, =radius of cylinder

R,,R, =modeling coefficients (low turbulence
Reynolds numbers), Eq. (27) or Eq. (38)

R,p =Reynolds number based on body diameter,
u,D/v

Re; = turbulence Reynolds numbers, Eq. (27)

Ry, =Reynolds number based on momentum
thickness utilizing axial component of
velocity, 1,0, /v

S =mean rate of strain tensor, Eq. (17)
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u,v,wor
U, Uy, Uz =components of the mean velocities in
cylindrical coordinate system
X =distance along axis of cylinder measured
from the junction

u',v’',w’ or

uj,us,u3 =components of the instantaneous fluc-
tuating velocities in cylindrical coordinate
system

u, =mainstream velocity

wy =transverse surface velocity of the rotating
cylinder

o = Clauser constant

8 = function defined by Eq. (13)

B =modeling coefficient, Eq. (27) or Eq. (38)
8* =modeling coefficient, Eq. (27) or Eq. (38)

¥ =modeling coefficint, Eq. (27) or Eq. (38)

v =intermittency, Eq. (15)

=eddy viscosity modeling coefficient, Eq.

27

0y =Kronecker delta

8y =displacement thickness based on axial
velocity, Eq. (14)

g =boundary-layer thickness ahead of junction

Oy =axial boundary-layer thickness where
u=0.99u,

dp =transverse boundary-layer thickness where
w=0.01 w,

€ =eddy viscosity (kinematic) or eddy dif-
fusivity ‘

K =Karman constant, 0.4 .

A =modeling coefficient, Eq. (27) or Eq. (38)

A* =modeling coefficient, Eq. (38)

A =length scale, Eq. (34)

v = kinematic viscosity

by = function defined by Eq. (12)

o =modeling coefficient, Eq. (27)

g, =modeling coefficient, Eq. (36)

g* =modeling coefficient, Eq. (38)

Ty =surface skin friction

X =modeling rate of strain parameter, Eq. (38)

w = pseudovorticity, Eq. (26) '

Q =dimensionless rotation rate, Q=w, /u,

Subscripts

e =at edge of the boundary layer

i =inner region of a boundary layer
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o = outer region of a boundary layer u, u,
0 =station upstream of the junction Ug—> i g v
X =property of boundary layer along axis of --— %5 T\ u
cylinder STATIONARY ws "
w =at the surface € D lﬂ =wly, ¢
o =modeling coefficient value as turbulence l
Reynolds number — oo
0 = property of transverse boundary layer te—>

Introduction

HE response of an established two-dimensional turbulent

boundary layer to a suddenly applied transverse surface
shear is particularly sensitive to the rates of-interaction
between the individual components of the Reynolds stress
tensor. An understanding of these mechanisms is important
for the prediction of the behavior of three-dimensional
turbulent flowfields.! These mechanisms have been in-
vestigated in two well-documented experiments®? where tlie
boundary layer grew on a cylinder with its axis in the
freestream direction of a low-speed wind tunnel. The cylinder
was segmented in a plane perpendicular to its axis, and the
downstream portion of the cylinder was rotated about its axis.
The boundary layer on the rotating portion of the cylinder
provided the test zone responding to the sudden imposition of
transverse shear.

One of these experiments? was the object of a numerical
analysis that employed an algebraic eddy viscosity model to
describe the turbulence.* The model employed was a logical
extension of the Cebeci-Smith model.’ Extension of the
model to the rotating boundary layer was accomplished with
the assumptions that the eddy viscosity is a scalar and that its
magnitude in the wall region is determined by the resultant
rate of mean strain.

Since 1974, the Ames Research Center has been involved
with turbulent boundary-layer computer codes developed by
the Aeronautical Research Associates of Princton (ARAP)
and DCW Industries. The authors have compared these codes
with a variety of experiments and participated in their
modification and improvement. One code by DCW is based
on a two-equation model for turbulence kinetic energy and
pseudovorticity (or frequency scale) that, together, establish
an eddy viscosity. Although this eddy viscosity is still a scalar,
it is expected to reflect the dynamics of the turbulence
generation over the rotating cylinder. Two other codes, one
each by ARAP and DCW, employ models for the dynamics of
the individual components of the Reynolds stress tensor. In
this paper, these codes are applied to the conditions of the
experiments of Refs. 2 and 3. These computations, along with
the algebraic eddy viscosity computations of Ref. 4, provide a
means of assessing the level of models required to describe a
suddenly disturbed quasi-three-dimensional boundary layer.

Description of the Experiments
Both experiments used a similar flow configuration, in-
dicated schematically in Fig. 1 where the boundary-layer
thicknesses are exaggerated for clarity. The test boundary

Fig. 1 Flow configuration under investigation.

layer is produced on a circular cylinder with its axis parallel to
the freestream direction. The cylinder is segmented and the
downstream segment is rotated about the axis at various
surface speed ratios @ with respect to the freestream velocity.
An axisymmetric, fully developed turbulent boundary layer at
the end of the stationary cylinder encounters a sudden
transverse rate of strain due to the rotation of the downstream
cylinder. A transverse boundary layer, initiated there, is
significantly thinner than the axial boundary layer for some
distance. As the transverse boundary layer develops, a re-
equilibrium process occurs among the components of the
Reynolds stresses. Far downstream, the mean flow will relax
into a collateral condition where the flow is planar when
observed from the coordinate system fixed on the rotating
body. Near the sudden strain, the components of the
Reynolds stress tensor are still distributed approximately as
they would be in a nonrotating cylinder. The rate of change
between this initial and the collateral conditions provides
information regarding the dynamic mechanisms governing the
exchange among the individual components of the Reynolds
stress tensor. These mechanisms represent the effects of the
correlation between pressure and velocity strain rate fluc-
tuations, major elements of the various turbulence models.
These experiments, therefore, provide valuable information
for assessing these models.

The flow parameters and quantities measured in each
experiment are listed in Table 1. Both experiments include
data for each component of Reynolds stress tensor as well as
the mean velocity profiles. Skin friction on the body surface
was deduced from the measurements within the boundary
layer. Hot-wire measurements of mean and fluctuating
velocities in the highly skewed boundary layer imposed
considerable difficulties on both experiments. For stations
immediately downstream of the sudden transverse strain and
for a higher surface velocity, Reynolds stress measurements
are either unavailable or subject to a larger experimental
uncertainty. In neither experiment did the measurements
extend far enough downstream to show the equilibrium
collateral condition. The experimental results at the lower
rotation speeds are emphasized in the discussion.

Turbulence Models and Computer Codes
The equations of motion describing the boundary-layer
development on the cylinder, for an incompressible fluid, are
as follows:

Table 1 Flow parameters of the experiments

Experiments Bissonnette and Mellor? Lohmann?

Freestream velocity, u,, m/s 19.4 or10.1 16.8
Rotationrate, Q= w,/u, 0.936 0or 1.80 1.450r 2.20
Body diameter, D, cmi 12.7 26.8
Reynolds number based on body

diameter, Re,, 1.6 x 105 or 8.3 x 104 2.9x10°
Boundary-layer thickness ahead

of the segment, §,, cm 1.6 or 1.8 2.0
Measured quantities u, w U, w

72, 'U_f-Z’ w2

u'v,v'w,

7

u

w

s
u/?, v 2 L w2

7

u'v', v'w, u'w (= 1.45 case only)
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Continuity

a(ru) + a(rv) _
ox ar

0 1)

Momentum in the freestream direction

au+ du 16p+16[r<3u 7)] 5
—tv—=—~——+—— [rlp—=—u'v
Yox TV T Toax T rar V% @

Momentum in the circumferential direction

3w+v6(rw) 1 4 [z( (6w w) — /):I 3
J— — - = — —|r P _
“ox Tr Tor r? or "Nor 7 7 vw )

Momentum normal to the surface

1ap 18(7)+w2+w’2 A
—— = —— —{ry N J—
o or r or r r @)

These equations allow for a thick boundary layer relative to
the body radius.

The boundary conditions for Eqs. (1-4) are
u=v=0,

at r=r, w=w, (5a)

as r—o u—u,, w—0, p—p, (5b)
In general, u, and p, vary along the body and are related by
the Euler relation. The local pressure can be found from the
boundary-layer edge pressure and Eq. (4).

In the four computational methods, different sim-
plifications of these equations have been made, either to
simplify the numerical methods or to conform to the
requirements of particular turbulence models as indicated in
their description. In the order of increasing complexity, the
computer codes and models are as follows:

1) Aguilar numerical computational method?* utilizing an
extended Cebeci-Smith two-layer algebraic isotropic eddy
viscosity model. 3

2) A computer code developed by Wilcox (DCW) utilizing
the Wilcox-Rubesin, two-equation isotropic eddy viscosity
model.®

3) A computer code developed by Sullivan” (ARAP)
utilizing Donaldson invariant tensor modeling. 8

4) A computer code developed by Wilcox (DCW) utilizing
the Wilcox-Rubesin Reynolds stress equation model. ¢

Aguilar Mixing Length Model

Aguilar developed a computer code to solve a set of
equations equivalent to the complete set of Eqs. (1-4). The
numerical scheme extends the computational field to the
surface, in contrast to some computational schemes that
avoid the use of fine mesh resolution near the surface by
invoking a ‘‘law-to-the-wall’’ to which the numerical results
are then forced. This is particularly important in dealing with
rotating boundary layers because the appropriate law-of-the-
wall for the boundary layer relaxing the suddenly applied
transverse strain is not known a priori. The turbulence model
utilized in these computations is a direct extension to the
Cebeci model.® The model divides the turbulent boundary
layer into two regions: the inner wall region (the sublayer,
buffer layer, and logarithmic region) and the outer wake
region. In the inner region, the mixing length is represented as

()oY o

and the corresponding eddy viscosity is

\
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Here J is the magnitude of the mean rate of strain in a
spinning boundary layer:

J_\/(au )2+ (6w w>2 ®
B ar or r
The quantity A is the van Driest damping length which, in the

absence of strong pressure gradients or surface mass blowing,
can be written as

A=26\v/J, ®

where J,, represents the total rate of strain at the surface.
Equations (6-9) completely define the inner layer eddy
viscosity ¢; when « is identified as the Karman constant.

In the outer layer, or wake region, a Clauser form of the
eddy viscosity is employed

€, = U, 05y (10)

Aguilar permits the coefficient o to be Reynolds number
dependent, so that

Ry, =5000

_ [ 0.0168 an
*= 0.0168[1.55/(1+ %)} ng <5000
where
T=0.55[1 —exp(—0.24337 —0.3988)] (12)
and
B= (R,,k/425) -1 (13)

The subscript k& in the displacement thickness & and
momentum thickness 6, means these quantites are treated in a
two-dimensional sense; for example,

5 = S: (1— %)dy (14)

Finally, the intermittency v is represented by
y=[1+55/6,)%1"1 (15)

With ¢; or ¢, (from Eqgs. (7) and (10), respectively) as scalar
quantities, the components of the Reynolds stress tensor can
be expressed as

—ufu]=— Yseb; +2¢S; (16)

where
SU=V2(L{,»_j+uj’,-) (17)

Aguilar omitted the first term on the right-hand side of Eq.
(16), which caused his model difficulty in predicting the
normal stresses.

The Reynolds shear stresses in Eqgs. (1-4) are given by Eqgs.
(16) and (17) as

r ’ au (18)
—u'v =e—
6ar
aw  w
—U’W’:e(v ——) (19)
ar r

Wilcox Rubesin Two-Equation Model (WR 2 Eq.)

The numerical code used in the DCW Industries two-
equation method is a direct extension of the Price and Harris
computer code'® to include Egs. (I1-5). The two-equation
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model introduced into the code is described in detail in Ref. 6,
but the forms of the modeling equations in cylindrical
coordinates are summarized here. The Reynolds shear stresses
in Egs. (1-4) employ Egs. (18) and (19), except for the manner
of evaluating the eddy viscosity. The Reynolds normal stresses

are
. (au>2
2 4 ar
u'?=e|l - +- 20)
3 9[3‘ 2+<3u)2+<6w w>2
© or or r
(6u>2+<6w w)(6w+w)
2 4 \or ar r ar r
v'i=e| - —— 21
s Gy ()
® ar or r
and
. (aw w)(aw w)
- 2+4 ar r or r 22)
wi=e| -+
3 9 5 du\? w w2
o (@) (5 7)
ar or r

The sum of these equations is consistent with the definition

e=Y(u'2+v' 2+w’'?) (23)
For a two-dimensional boundary layer, the constants used in
Eqs. (20-22) show that the normal Reynolds stresses take on
the ratios

u'?:iv'?:w2=4:2:3 4)

The eddy viscosity in Eqs. (18) and (19) is given by
e=vy*e/w

where the turbulence kinetic energy e and the pseudovorticity

w
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w are found from the two partial differential equations

de e _ o v'—w(a_’”_?)_ﬁ*
“ax "ar_ ar ar r we
+ 1o 2] 2)
r ar ryrote ar (
and
g0 9w ‘°_2[ Sy —:—/("_W W)]
ax ar =7 e ar v ar r
N\ 2 19 Jw?
—[B+20<—) ]w2+‘—-[ (v+ae)i] (26)
or ror ar

The modeling coefficients appearing in these equations have
the following values:

B8=3/20, §*=9/100, 6=0*=1/2

v*=1—(1—N?)exp(—Rer/R,)
: (27)
Y¥* =Yoo [l — (I =N?)exp(—Rer/R,,)]

Yo =10/9, N=1/11, R,=1, R, =2

ARAP Model (GYC RSE)

This method is based on a computer code developed by
Sullivan.” The turbulence model is an outgrowth of the in-
variant tensor model of the complete set of Reynolds stresses
originated by Donaldson.8 Again, integrations are performed
directly to the surface. The boundary-layer equations for the
mean velocities in this method have been restricted to a body
having a large radius relative to its boundary-layer thickness,
neglecting the transverse curvature terms. Some consequences
of this restriction are discussed later. On the other hand, the
modeling equations for Reynolds stresses solved in the code
contain terms including the effect of body radius. To be
compatible with other models in the paper, the modeling
equations are written here with just the terms thought to be
important in this application. .

du'?  ou’’? —_Ju v 2 g 2 —Ju aw w
P ’ I__2 _ 12 __ X — [2 Pyt ! /(____Q)]
W TV T TRV TR b Oy TG T
2 /z__i 2 _a_[ A ,2] 28
+202A(u 39 )+6r (v+0,qA) ar (28)
dv’? w’'? w v 2 q° 2 —_du — [Iw w
=4 ’ I___Z‘ - /2____b __C [ ? ? ’ /(_ _)]
T P T W D R T
q — 1 3 w1 3 w'?
+2C,2 (v2-2q? —2C—[A ]+—[ ~—]
2A(v 39 ) 15 LI, o (v+30,9A) o (29
aw’? aw’? —__/dw w v 2 4’
=___2 ’ I(____ _>_2 - /2__b_
“ox TV A P e A Ry
2 —du —— (W Iw)] qg — 1 1 9 [ 8r2w’2]
- r . ’ ’ A — 2C =z /2___ 2 P + A 30
3C’[”var va<6r+2r T2C y W= 2a)+ G (e 0 (30)
ou’v’ u’'v’ 5 u v — 4 (1 du dv’? 6u’v’>
= ’ r__ ’ ____2 o Pyl _ 2 +C A
o T AW vy e urt = e NG S e e T T,
q—— 0 u’'v’
+ —_— ’ ’ r2 ) 2C 1 1t _[ ]
C,( u'w' +v + 2y UV + Py (v+2a,qA)——~ar (31)
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+c, [Ufzr%<¥>+(ﬁ—ﬁ)‘f] +2C2§U’—w’+é%[(u+201qA)%(rm):| 32)
wu'w  uw — ) du aw du
u i +v ar =—u’v'<5+;)—uw5—2aFuw+C( 'E-i-v’w’g)
+2C21%u’7w’+é%[(v+a,qA)%(ru’_w’)] 33)

In these equations, A is a length scale of turbulence which has been assigned in an algebraic functional form as

=lomm, " TS0, o
The velocity scale g is related to the kinetic energy of turbulence'as
g’ =2e 395)
The mdeling coefficients were used with the following values;
«a=3.25, b=0.125, C;=0, C,=-0.5, C;=-01, C;=0 ;=01 36)

Equations (1-4) and (28-35) form a closed system for evaluating a turbulent boundary layer from the surface to its outer edge.

Wilcox-Rubesin Reynolds Stress Equation Model (WR RSE)

The same computer code described for use with the two-equation model was extended by Wilcox to include the full Reynolds
stress equation model developed by Wilcox and Rubesin.® For brevity, the modeling equations for rotating flow in cylindrical
coordinates are written in general form where i,/ take on values of 1, 2, or 3.

8 ——  ——( du du Ty N\ | Uy 2,
u; (u u; ulu)) +u, ar(u,uj = —uju2<6ﬂ 6r1 +6’33ri) +u,u36j273 —uju; (6,, a’ +0;—= ar )+uju36i273 —§B wed;
— 2 1 ou
—)\*w[u,’ujf—geé,-j]+ 3 [(u,u, 2+ U] ujé,2 +u/ u;é,, +u u, ,/) Ly (u; u263, +uiugb; +uiuzdy +uiugs;) (ﬁ —%)]
2 —— U, e U U 2 du u
~3% [u,uzy +ujuj (a—: ——;)] —e[(aﬂa,,w,z D= +(5,253,+6,2 3)( - —73)]
U; — 19 . U]
- [8;50/u =8 u/u} +85u5u) — 8, uius] + ~ o [r(u+a €) 7’] (37
The modeling coefficients are where Eq. (23) is used to define e and w is obtained from Eq.
(26).
8=3/20, B*=9/100, o=0*=1/2
Discussion
N =AE[/— (I —=N?)exp(—Re;/R,)] It is informative to consider the genesis of the turbulence

models described earlier before making detailed comparisons

v , of the computed results and the experimental data.

oo )\* = [1—(1=N?)exp(—Rez/R,)] The Aguilar mixing length model is an extrapolation of past
mixing length and eddy viscosity models. These models
compose the boundary layer into an inner region and an outer

\* = [2 —zexp( 5X)]5 region. Besides the viscosity of the fluid, the inner region

2 2 depends on two turbulence modeling coefficients that are
defined by law-of-the-wall plots of data. The Karman con-

13 stant follows from the slope of the logarithmic portion of the

Yo=—">, A=l14, R,=1, R, =3 wall ““law,”” and the van Driest damping constant is

established by its level. These coefficients are « of Eq. (6) and

the factor 26 in Eq. (9). The outer region, the ‘“‘wake,” is
2 w\?2 . . .

_\/[( ) (ﬁ_ _r ) ]/ * 2 (38) mde:pendent of molecular viscosity and can be represented as

or r having a uniform eddy viscosity proportional to the boun-

dary-layer displacement thickness, Eq. (10). The constant « in

The eddy diffusivity in Eq. (37) is given by this equation follows from mean velocity data correlations.

The intermittency term appearing in Eq. (10), though helpful
e=e/w : from a numerical point of view, is not critical to the tur-
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bulence modeling. For planar boundary layers that have
slowly varying boundary conditions, the Aguilar model is
merely a systematic means of interpolating and extrapolating
experimental data and can be expected to provide accurate
predictions. In the current application, this model should
yield good results upstream of the junction between the
stationary and rotating cylinders. Also, far downstream on
the rotating cylinder where the circumferential boundary layer
is fully established relative to the axial boundary layers, the
collateral condition, a model that assumes equilibrium be-
tween the mean motions and the turbulence should yield
reasonable results, provided the effects of the circumferential
flow on the turbulence are properly introduced. Un-
fortunately, as will be shown later, the experiments con-
sidered here were not extended sufficiently downstream to test
this latter point with certainty. Immediately downstream of
the junction, however, a model that assumes equilibrium
between mean flow and turbulence is suspect, and it is in this
region that the more complex models were expected to show
improvement over the Aguilar model.

Examination of the Reynolds stress modeling equations
presented earlier reveals that they contain about 10 modeling
coefficients, in addition to assumed functional forms for the
modeled terms of dissipation, diffusion, and redistribution
between the Reynolds stresses. To establish such a large
number of modeling coefficients, it is necessary to draw upon
a variety of experiments, each emphasizing a different aspect
of the turbulence models. For example, the coefficient for the
viscous dissipation of Reynolds stress is usually established
from data on the decay of homogeneous, isotropic tur-
bulence. This leads to a model that results in the decay of only
normal Reynolds stresses; for example, the terms with 8* in
Eq. (37). The GYC RSE code is broader in this regard; it
allows for the decay of off-diagonal Reynolds stresses and the
effects of low-turbulence Reynolds number (the coefficient a).
Coefficients for the interaction of the individual Reynolds
stresses, C; and C,, come either from experiments on sheared
homogeneous turbulent flows or from asymptotic
examinations of the modeling equations in the logarithmic
portion of the wall region of an attached planar .boundary
layer. Because these latter methods do not give exactly the
same values of the modeling coefficients, some compromise
between the two is usually made. Although the GYC RSE
code is particularly versatile in the choice of modeling con-
stants, in the computations here the effect of mean strain on
the correlation of the pressure and rate of strain fluctuations
has been eliminated by setting C, =0, in order to bring about
close conformity between the GYC RSE and WR RSE codes
for u’v’ terms (see Ref. 11).

Other coefficients (e.g., the diffusion terms) are found by
optimizing the calculations against boundary-layer data. In
general, because these models use data from a variety of
flowfields and depend on approximate functional forms for
the modeling terms, they are not as fine-tuned for equilibrium
boundary layers as are the mixing length models. Thus, for
equilibrium flows, the newer models cannot be expected to be
better than the mixing length models. Modelers are content
when their more complex models fit the simple flowfields to
about 5%. The value of the more complex models is their
ability to account for changes in boundary conditions so
sudden as to disrupt the equilibrium between the mean and
turbulent motions, and to permit computations for a variety
of flowfields without introducing new assumptions. Since the
experiments considered here are examples of a sudden change
in boundary conditions, it would be expected that the newer
models would fit the data over the upstream portion of the
rotating cylinder better than the mixing length model.

The computed results of the axial and transverse mean
velocity profiles, compared with the data of Bissonnette and
Mellor? and Lohmann? for the lower rotation rates in each
experiment, are shown in Figs. 2a and 2b. The development of
the boundary layers after the imposition of the strain is shown
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Fig. 2 Comparison of mean velocity profiles from experiment and
computation: a) experiment of Bissonnette and Mellor, 2=0.936; b)
experiment of Lohmann, @ =1.45.

at three representative stations. Even though the flow im-
mediately downstream of the junction is of primary interest
here, the data from the first station of the Bissonnette and
Mellor experiment were not used because the measurements in
the transverse boundary layer at this station were inconsistent
with the rest of the stations. All the models show reasonable
agreement with both the axial and transverse data. Sur-
prisingly, the simple mixing length model predicts the
Bissonnette and Mellor mean velocity profiles with as good
agreement as the more general models. The models show the
largest quantative difference for the transverse boundary
layer. These differences are consistent from station to station
and for the two rotation speeds. Because the data of the two
experiments are shifted slightly in opposite directions relative
to the computations, it is difficult to select the model that best
fits the data. This is especially so because some models fit the
data best near the surface, whereas others are best near the
outer edge of the boundary layer.

In Fig. 6 of Ref. 3, Lohmann shows a comparison of the
spinning and nonspinning boundary-layer axial velocity
profile data. The axial mean velocity in the spinning case has a
deficit near the center of the transverse boundary layer. This
region moves outward within the axial boundary layer as the
transverse boundary layer grows. The models pick up this
change in the axial mean velocity profile, but as seen in the
x/8,=10 station, they underpredict the magnitude of the
effect seen from the experimental data.
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Data obtained at higher rotation rates in each of the ex-
periments were also examined. The data of Lohmann at
Q=2.2 were presented quite accurately by the WR 2 Eq., WR
RSE, and GYC RSE computations, the measured axial
velocity being only slightly fuller. The high rotation-rate data
of Bissonnette and Mellor, @=1.80, for both the axial and
transverse mean velocities were much fuller than any of the
computational methods, but especially fuller than the mixing
length method. Too much credence cannot be given to this
result, however, since these data are not consistent with even
higher rotation-speed data by Lohmann.

The comparison of the calculated and experimental axial
and transverse skin-friction coefficients are shown in Figs. 3a
and 3b. The form of the transverse skin-friction coefficient
used assures C, =Cp at the collateral condition of a thin
boundary layer where (1 — w/w,) =u/u,. These experimental
data are inferred quantities, as the skin friction was not
measured directly in either of the experiments. Bissonnette
and Mellor extrapolated their hot-wire Reynolds shear stress
data to the surface for all stations except the first two near the
junction, where the uncertainty in the data did not allow this
procedure. They also evaluated skin friction by integrating the
mean axial and transverse velocities in integral momentum
equations. The discrepancy between the data obtained from
the two methods is rather large, particularly for the axial
direction (see Fig. 3a). ‘

Lohmann’s skin-friction data were obtained from Clauser
plots-on the assumption that the law-of-the-wall holds when
expressed in the resultant velocity relative to the surface of the
rotating cylinder and the resultant skin friction. The resultant
skin-friction was then split into axial and transverse com-
ponents with the measured mean velocity direction in the limit
near the wall. This method becomes questionable near the
junction where the mean velocity is highly skewed because of
the thin transverse boundary layer. Further, the resultant
mean velocity data showed a very narrow semilogarithmic
region which makes the use of Clauser plots rather inaccurate.
Sufficiently far downstream of the junction, however, the
data follow the law-of-the-wall well and are consistent with
the hot-wire Reynolds shear stress measurements.

Certain trends are expected in these data. After the junc-
tion, the axial skin-friction coefficient is expected to rise

toward a higher value because of the additional strain in-
troduced by the transverse motion. This effect is opposed by
the growth of the boundary layer which causes a gradual
decrease of the skin friction downstream. The overall
behavior of the boundary layer, then, reflects the rates of
these competing processes. The transverse skin-friction
coefficient is expected to have a very large value just
downstream of the junction where the transverse boundary
layer is initiated. This is analogous to the behavior of a
thermal boundary layer just downstream of a surface tem-
perature jump. The transverse skin-friction coefficient then
falls with downstream distance toward the value of the axial
skin-friction coefficient as the collateral condition is ap-
proached. Figures 3a and 3b indicate general agreement with
these expectations for both the computations and the data.
Specifically, upstream of the junction, differences are seen in
Fig. 3a among the various models, even though care was
taken to match the experimental momentum thickness of the
data at that station. The fine-tuned mixing length model
passes through the data, whereas the second-order models
predict values that are slightly lower than the data. These
latter models, however, fit Lohmann’s data quite well, up-
stream of the junction. The Bissonnette and Mellor data
immediately after the junction show that the predictions of
the axial skin friction are much lower than the somewhat
uncertain momentum integral data. The values of C;, based
on the Reynolds stress measurements unexpectedly fall below
the similarly obtained C,, data. This behavior leads one to
favor the Lohmann skin-friction data as standards for
comparison with the computations. Lohmann’s data im-
mediately downstream of the junction are much lower than
the Bissonnette and Mellor data. The more reliable axial skin-
friction coefficients at the downstream stations show a
gradual increase for some distance after the junction. The
skin-friction data appear to reach a maximum near x/8, =20
although these data do not extend sufficiently downstream to
define a maximum unambiguously. The Bissonnette and
Mellor Reynolds stress data show a similar position of a
maximum skin friction. A comparison between the com-
putations and Lohmann’s data indicates that the models do
not define the rate processes properly. They show such a rapid
rise in the turbulence that the position of maximum axial skin
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friction resulting from the competing mechanisms of tur-
bulence generation and boundary-layer growth occurs much
too quickly. Downstream of this point, the continued
promotion of turbulence does not permit the usual reduction
caused by boundary-layer growth and the effects combine to
yield a very slow decrease in C,. It is apparent that the
second-order turbulence models, in their present state of
development, are not yielding proper rates for the relaxation
processes driven by shearing motion. Although the Lohmann
data has been stressed here, the Bissonnette and Mellor
Reynolds stress data would yield similar conclusions regard-
ing the rate process of the second-order models. Further, the
mixing length model, always keeping the turbulence and mean
motion in equilibrium, shows the poorest dynamic behavior:
it yields a much greater rise and a more rapid fall-off of the
axial skin friction than either the other models or the data.

For the transverse skin friction, the mixing length model
predicts the highest rise downstream of the junction.
Generally, all the models overpredict the Bissonnette and
Mellor data by about 20%. Lohmann’s data are similarly
overpredicted by the GYC RSE code, whereas they are
predicted quite well by the WR RSE model. The two-equation
model departs from the data at the farthest downstream
stations. It appears that the latter model has equilibrated
faster than the WR RSE. A larger slope than shown was
expected for the GYC RSE model because of the absence of
transverse curvature effects; however, these effects appear to
have been compensated by the slower redistribution
mechanisms in this model. (Just after the junction, rate of rise
in GYC RSE is slower than in WR 2 Eq. or in WR RSE, see
Fig. 3a.)

Since the functional forms of the terms modeling the
pressure rate of strain correlations are approximations, it
cannot be expected that each of the components of the
Reynolds stress tensor can be predicted with equal accuracy.
For example, in the boundary layer of a flat plate, the GYC
RSE program is known to yield w2 =v’? (Ref. 11), whereas
w’?=1.5v"7 is closer to the data. The modeling coefficients
have been adjusted to yield the best predictions for the most
important component of the Reynolds stress, namely the
shear stress, at the expense of accuracy of the normal stresses.
In the present study, transverse shearing introduces two
additional shear stresses nonexistent in the two-dimensional
boundary layer, although only one of them, v’ w’, plays an
important role in the transverse momentum equation. Figures
4-6 demonstrate the ability of the Reynolds stress models to
define the components of the Reynolds stress tensor under
conditions of transverse shear.

Figure 4 shows u’v’ profiles across the boundary layers at
the farthest downstream station in both experiments. The
data were obtained with a rotated slant wire in both ex-
periments. All the computations underpredict the Bissonnette
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and Mellor data in the inner one-third of the boundary layer.
This is reflected in the surface skin-friction data (open circles)
apthis station (refer to Fig. 3). For the data of Lohmann, the
models all yield reasonable predictions of the Reynolds shear
stress and the surface skin friction. The order of the in-
dividual models and the data are generally consistent for both
the Reynolds shear stress and the surface skin friction. The
transverse Reynolds shear stress v’ w’ bears as much sig-
nificance as the axial Reynolds shear stress #’v’, in the pre-
sence of the transverse strain. Because experimental data on
v’w’ are suspect near the junction, the data are compared
with the predictions at their farthest downstream stations.
Figure 5a shows the results of Bissonnette and Mellor’s ex-
periment. Fair agreement in the outer region is achieved by
both of the RSE models, but the experimental data show a
rapid decrease in  magnitude toward the wall. This
phenomenon is not captured by the predictions. It must be
noted, however, that the experimental data taken at different
axial positions showed trends inconsistent with these trends
near the wall. Comparison withthe ¥’v’ data suggests the
error in v’ w’ was in defining the direction of the shear stress
measured by a single slant wire near the wall. The peak value
inv’w’ seen in the Lohmann’s experiment, Fig. Sb, is
predicted reasonably well by the three models, and the
agreement is consistent with the prediction of the transverse
skin friction. However, the data, which appear to be con-
sistent with #’v’ data, show a much fuiler profile than
predicted. The failure to predict the fuliness of the inner
region does not seem to have a first-order effect on the
transverse mean velocity profile (refer to Fig. 2).

When the boundary-layer thickness remains small, the
radial Reynolds shear stress #’w’ does not play a direct role
in the mean momentum equations because of the axisymmetry
of the flow [see Eqgs. (1-4)]. Nevertheless, the measured
magnitude of the stress is comparable to the other com-
ponents of shear stresses. In the turbuence modeling
equations, the redistribution term in the Reynolds shear stress
equations generally contains the radial Reynolds shear stress,
which in turn affects the behavior of the boundary layer.
Launder and Morse applied the Launder, Reece, and Rodi
model to the swirling jet (Ref. 12) and found that the
predicted #’w’ had the wrong sign when compared with the
experimental data. A comparison of the u’w’ data and the
Reynolds stress models used here showed that the correct sign
of the quantity is predicted, but the quantitative agreement is
generally poor, particularly in case of the WR RSE model.

The existence of high transverse strain gives rise to
the production of turbulence and alters the balance among
u'?,v’?andw’?. Since both Reynolds stress equation
models yield similar results, for simplicity only the results of
the WR RSE model will be discussed. Near the junction, both
experimental and predicted normal stress profiles showed two
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Fig. 4 Longitudinal Reynolds shear
stress profile: a) experiment of
Bissonnette and Mellor, 2=20.936,
x/85=36.5; b) experiment of Loh-
mann, {2 =1.45, x/§, =20.
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Fig. 5 Transverse Reynolds shear
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TURBULENT BOUNDARY LAYER SUBJECTED TO SUDDEN STRAIN 939

3, 2 DATA

Fig. 6 Reynolds normal

stress profiles: a) ex- —
periment of Bissonnette i
and Mellor, £2=0.936, u?
x/64 =36.5; b) experiment

of Lohmann, Q=145
x/69=20.

EXPERIMENTAL WILCOX & RUBESIN
RSE MODEL

distinctive regions within the boundary layer. The inner
region, containing the transverse boundary layer, has sharply
rising axial and transverse components #’° and w’? toward
the wall. The outer region remains unchanged from the
nonsurface rotation case. While the agreement of the
prediction with the data in the outer region is good, the in-
crease in the turbulent intensity near the wall due to the
transverse shear was underpredicted. At downstream stations,
the highly turbulent region diffuses throughout the entire
boundary layer. Here the re-equilibration process among the
stress components is considered to have reached its asymp-
totic state. Therefore, to assess the asymptotic behavior of the
models, the predictions of the farthest downstream position
measured by Bissonnette and Mellor and by Lohmann are
shown in Figs. 6a and 6b. In Fig. 6a, the high magnitude of
the transverse component of the normal stresses caused by the
imposed transverse strain is qualitatively reflected in the
prediction. However, all three components of the normal
stresses are underpredicted; particularly, the peak of the
transverse component of Reynolds normal stress is missed by
30%. Bissonnette and Mellor’s high rotation-rate case was
predicted even more poorly. In Fig. 6b, the transverse
component w’? of the Reynolds normal stress is missed by a
factor of nearly 2. Incidentally, the maximum point occurring

in measured v’? away from the wall is believed to be caused
by probe interference because the hot wire spans the highly
skewed mean velocity near the wall. The predictions for
higher rotation rates show similar shortcomings. In all cases,
the models were found deficient in predicting the
redistribution process among the components of the Reynolds
normal stresses; the fact that the mean velocity and surface
skin friction are reasonably predicted by the models in spite of
the poor predictions of the Reynolds normal stresses suggests
that the models were tuned so that satisfactory predictions
could be made of these quantities normally of primary in-
terest. This discrepancy in prediction should not be dismissed.
It is suspected that these models may prove to be less than
sufficient in predicting fully three-dimensional flows or
regions near separation, where the interaction among all
components of Reynolds stress is expected to play a
significant role.

A common assumption made in the computation of three-
dimensional boundary layers is that the eddy viscosity is a
scalar quantity, equal in the axial and transverse momentum
equations. The present investigation provides the opportunity
to test this hypothesis against the data of the experiments and
the Reynolds stress models. For this purpose, the eddy
viscosities compared are
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The ratio ¢,/¢, for the two experiments is shown in Figs. 7a
and 7b. Data are plotted for all axial stations, since they failed
to show any definite trend at various axial stations. Im-
mediately noticeable is the large scatter of the data in the
individual experiments. The Bissonnette and Mellor data
scatter around a value of ¢y/¢, =0.7. The Lohmann data show
values smaller than unity toward the surface but values
significantly larger than unity near the center of the transverse
boundary layer. The uncertainties in the data shown here
reflect the inaccuracies inherent in differentiating mean
velocity data and in the shear stress measurements. Despite
the shortcomings of the Reynolds stress models, their
strengths in predicting the shear stresses and mean velocities
allow their use in assessing e;/¢,. The WR RSE model was
chosen to make this test for these conditions because it ac-
counts for the effects of transverse curvature.

The eddy viscosity ratio computed from the WR RSE
model shows a deviation from the scalar eddy viscosity
condition in the outer region of the transverse boundary layer
immediately downstream of the imposition of sudden strain.
Further downstream, the computed value approaches the
value of unity. At the farthest downstream axial station, the
ratio of eddy viscosity coefficients overshoots unity; this is the
effect of the.thickness of the boundary layer relative to the
body radius. In Fig. 7b, the amount of the overshoot is
smaller, as the Lohmann experiment experiences fewer trans-
verse curvature effects. Finally, the dashed lines of Fig. 7a
represent the case of infinite radius of curvature; the ratio
approaches unity monotonically.

Although the WR RSE model allows misalignment between
the mean velocity strain vector and the Reynolds stress vector,
the computed results show a fairly small deviation from the
scalar eddy viscosity condition. Also, the two scalar eddy
viscosity models predicted the mean flow data as well as the
more complex models. Therefore, it appears that the trans-
verse boundary layer grows within the axial boundary layer
with a common transport mechanism.

Concluding Remarks

A comparison has been made between computations based
on two different Reynolds stress equation models and data

from two boundary-layer experiments designed expressly to
define the rates of interaction between the components of the
Reynolds stress tensor after a sudden imposition of a trans-
verse shear. Comparisons were also made with computations
based on models that ignore the interaction mechanism of the
Reynolds stresses but deal directly with the shear stresses.
These latter models, a first-order algebraic mixing length
model and a second-order two-equation model, employ the
additional assumption that the eddy viscosity is a scalar and is
equal locally in the axial and transverse boundary layers.

The comparison indicates the simple mixing length model
yields results in general agreement with the gross features of
the mean flow. The second-order models, whether the two-
equation eddy viscosity model or either of the two Reynolds
stress equation models, showed comparison that are
somewhat, but not dramatically, better than the simpler
model. The reason for the limited improvement of the second-
order models seems to be their too rapid rate of response to
the transverse shear. Furthermore, near a position where the
rotating boundary layer has equilibrated, the Reynolds stress
equation models fail to represent the distribution of the
normal stresses, #’2, u’? and w’?, accurately. It appears that
the reasonable representation of the shear stresses by these
Reynolds stress equation models results not from an accurate
representation of the physics of turbulence but rather from
model tuning that emphasized the more important Reynolds
shear stresses in establishing the mean flow. It is noted that
these same Reynolds stress equation models represent the
normal stresses quite well in homogeneous turbulent flows
that are strained in normal directions. Shearing strain does
not seem to be handled properly in the models. Further
development of Reynolds stress equation models is required.
Unfortunately, the data in the experiments considered here
were least accurate just after the onset of the transverse shear
where the rate processes are most controlling. In addition, the
data did not extend sufficiently downstream to define the
boundary-layer characteristics in equilibrium with the
transverse shear. This equilibrium is particularly important to
turbulence modeling because it permits the powerful tool of
asymptotic analysis to be utilized in establishing the relative
distributions of the Reynold stresses.

Finally, the results of the computations and data shown
here demonstrate that the assumption in engineering com-
putations of a scalar eddy viscosity, equal in magnitude in the
axial and transverse direction, is reasonable.
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